[Taken as read November 2, 1950.] Introduction.
I
N a previous paper 1 a description of a method was given which had been developed to determine the indicatrix of small crystals, both in orientation and magnitude, making use of the simple one-circle stage goniometer described by Bernal and Carlisle. ~ As was explained there, when a crystal is viewed in parallel polarized light, between crossed nicols, the two observed extinction directions are the axes of the ellipse determined by the intersection of the indicatrix with a plane through its centre parallel to the plane of the microscope stage. For each position 0 of the goniometer there are two extinction directions (r and r given by the readings on the microscope. These directions can be represented on a stereographic proiection at suitable intervals of O. It was shown there that the curves determined (on the indieatrix and on the stereographic projection) by these extinction directions during a complete rotation of the indicatrix about its fixed but arbitrary axis must contain the points representing the axcs X, Y, and Z of the indicatrix. Furthermore, it was shown how to determine the actual orientation of these three axes and to measure the corresponding three principal refractive indices.
An at~mpt is made in the present paper to give the mathematical relations involved in the problem.
Theoretical treatment.
For the sake of simplicity, instead of rotating the indicatrix and studying its central sections parallel to the plane of the microscope stage, let us keep the indicatrix fixed and imagine a plane rotating about an axis which is parallel to the axis of the stage goniometer and goes through the centre of indicatrix. Moreover, let us imagine the indicatrix fixed with its Z-axis vertical. The rotation axis of the stage goniometer will no longer be horizontal, but will have an arbitrary~but fixed--orientation.
The equation of the indicatrix, with refractive indices equal to a, fl, and ~ along the X, Y, and Z axes, in cartesian co-ordinates, is
where for simplicity (and throughout the whole paper), A, B, and C stand for a -~, f~-2, and 7 -3, respectively. Consider on the indicatrix the curves of constant refractive index. They are the intersections of surface (1) and the surfaces x2+y2+z 2 = n 2,
(2)
where n is the refractive index and takes any value between a and ~. They are better represented in polar co-ordinates. If ~ is the polar angle, measured from the Z-axis, and 2 the azimuthal angle, measured from the X-axis towards the Y-axis, the equation is
where N stands for n -e. The rotation axis of the goniometer will be represented by its polar co-ordinates ~o and ~0. For the mathematical study of this particular problem the gnomonic proiectiou is much more convenient than the stereographic projection, as the constant refractive index curves become conic sections and the rotating plane becomes a straight line rotating about a point.
If, for instance, the plane of the gnomonic projection is chosen perpendicular to the Z-axis of the indicatrix, at an arbitrary distance d from the X Y plane, and its X and Y axes are chosen parallel to the X and Y axes of the indicatrix, the equation of the constant refractive index curves is:
The curves are ellipses for C < N < B (that is fl < n < ~) ; hyperbolae for B < N < A (~ < n < fl) ; and a pair of parallel straight lines,
B--C
for N = B (n = fl), which are the projections of the two circular sections of the indicatrix ( fig. 1 ). 1 Consider, in fig. 1 , any straight line. It represents a given section of the indicatrix and is a tangent to two of the constant refractive index curves (as will be shown below). The two contact points obviously represent the points of maximum and minimum refractive index along that line and therefore represent the two vibration directions in that given section. (It is easy to show that they are always 90 ~ apart.) It follows that if a line rotates about a fixed point in the gnomonic projection (which corresponds to a plane rotating about the stage goniometer axis), the locus of the contact points will be the extinctiondirection carve (or vibration-direction curve) mentioned in the first paper. Naturally the same holds for the stereographic projection, where it is a great circle that rotates about a fixed point.
x It should be noted that whatever the direction chosen for the plane of the gnomonic projection, the constant refractive index curves will always be conic sections. Their equations may be completely different, but the problem remains essentially the same.
We shall represent the rotation axis by the point P(xo, Yo), where x 0 ~ d tan/z 0 cos ~0 ; Yo = d tan/x 0 sin ~0-9 The tangents drawn from the point P to one of the curves (4) have contact points (xl, Yl) and (%, y~) given by 
When the line rotates about P, the locus of those contact points is obtained by eliminating N from the two equations (5) ( A --B)x o xy ~-( A -B)yo x~y-( B-C)d2y ~-( A -C)d2x 2 +(B-C)d~yoy+(A-C)d2xox = O, (6) or (A--B)(xoy--yox)xy+d2(B--C)(yo--y)y § = O.
In fig. 1 the curve (6) corresponding to the given position of P is shown.
A line Y-Yo = re(x-%) is a tangent to two of the constant refractive 
where
p = d 2 § m2d 2 -t-(Yo-~Xo)~, q = d'2(A -!-C) -i-mZd2(B § C) ~ (Yo-mxo)2( A + B), r -= dzAC + m2d2BC + (Yo --~nXo) 2AB,
and they correspond to the two refractive indices of that particular section of the indicatrix. Conversely, if A, B, C, N 1, and N2 are given, it is possible to determine the equations of the common tangents to the two curves, and the coordinates of the contact points.
Practical application.
The above considerations, apart from explaining the behaviour of the indicatrix in the procedure of the method given in the previous paper, suggest, amongst other possibilities, the following application.
In order to find the optical orientation of a crystal of known optical constants, the answer may be obtained by following the method described in the previous paper, with small variations.
But, if for any reason (the crystal's shape, for instance) the crystal cannot be turned freely in the liquid, the following method is suggested : (d) Measure the two refractive indices of that given section and note whether they increase or decrease when the stage goniometer is turned slightly in an arbitrary sense.
(e) Choosing a convenient scale, draw the constant refractive index curves (A-N)xe+(B-N) ye '--(C-N)d ~-= 0 for the two measured refractive indices, t and, to those two curves, draw the pair of' common , If many sections of the same crystal have to be studied, it is worth while to start drawing a complete chart for the given values A, B, and C at suitable intervals of N, either in the stereographic or in the gnomonic projection. ]f many sections of different crystals have to be examined, one single chart (in gnomonic projection) drawn for any arbitrary values of A, B, and C (for instance A-B = B--C, that is 2V : 90 ~ may be used by altering the scale of the co-ordinates and choosing the tangents that are not parallel to each other ( fig. 3) . Alternatively, instead of drawing the two conies, given A, B, C, N I, and N~, the coordinates of the four contact points may be calculated.
(f) From the measured refractive indices and the values of r r and r r may be associated to the contact points C 1 and C~, r to C a and C~, and it is possible to decide in which one of the three regions of each tangent line lie the points C o and C~ (the eventual rotation axes) associated to r (g) If a gnomonie net is available, the actual position of C o and C~ will be easy to find. In the absence of a net, draw to the line C 1 C 2 the perpendicular OK from the origin, and (i) The plane of projection, which for simplicity had been chosen perpendicular to the Z-axis of the indicatrix, can now be changed to a plane parallel to the microscope stage and the indieatrix referred to it. The three axes of the indicatrix will then have co-ordinates r and 0, where r is the polar angle measured from the goniometer axis and 0 the azimuthal angle measured from the plane of the microscope stage. by translating the line L to infinity, or the six angular co-ordinates determined with the help of the net.
If no gnomonic net is available it is also possible to make the change by inserting ~o,/~0, and 9 (the angle between L and the X-axis) in a stereographic projection and, either performing the rotation by bringing the great circle L in coincidence with the primitive with the help of a stereographic net, or by directly reading the six co-ordinates on the net (fig. 4) .
Alternatively, it is possible to calculate the r and 0 of the three axes. The problem can also be solved using only stereographic projections. The two curves to be plotted belong to the family of curves (equation 3), and with a stereographic net it is possible to find the great circle which touches both (fig. 4) . The position of C o is then easy to find, and the change of primitive is performed as explained.
